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A remark on the complex interpolation for families of Banach spaces 
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C<^ ' Abstract 



(^ , We show by explicit examples that the complex interpolation for families of Banach spaces is 

CN ■ not stable under rearrangement of the given family on the boundary, although, by |CCRSW82| , 

^ , it is stable when the latter family takes only 2 values. In our examples, we can even assume that 

the family takes only 3 values, which is best possible. We also characterize all the transformations 
on T that are invariant for complex interpolation at 0, they are precisely the origin-preserving 
inner functions. 



■<C ■ 1 Introduction 

PLh 

,^ I This paper is a remark on the theory of complex interpolation for families of Banach spaces, 

C^ ■ developed by Coifman, Cwikel, Rochberg, Sagher and Weiss in |CCRSW82j . To avoid technical 

difficulties, we will concentrate on finite dimensional spaces. 

Let B = {z G C : \z\ < 1} be the unit disc with boundary T = 9D. The normalised Lebesgue 

measure on T is denoted by m. By an interpolation family, we mean a measurable family of 

^ ■ complex A^-dimensional normed spaces {Ey : 7 G T}, i.e., E^y is C equipped with norm || • ||^ and 

^IJ [ for each x G C , the function 7 1— )• HxH-y defined on T is measurable. We should also assume that 

t:j- ' /log"*" ||a;||-y(im(7) < 00 for any x G C^. By definition, the interpolated space at is 

^' : m :=H^{T;{E,})/zH^{T,{E,}). 

o 

m ■ That is, for all x G C^, 



\\x\\e[o] = inf |ess sup ||/(7)||£;^ / : T -> C^ analytic, /(O) = x\. 

C^ . More generally, for any z G B, the interpolated space at z for the family {E^ : 7 G T} is denoted 

by E[z] or {E^^ : 7 G T}[z] whose norm is defined by: 

\\x\\e[z] = nif |ess sup ||/(7)||£;^ / : T -> C^ analytic, /(z) = x\. 

It is well-known (see |CCRSW821 Prop. 2.4]) that in the above definition ess sup ||/(7)||£;^ can 

7eT 

be replaced by ^J WKiWe-, Pz{d-f)j for < p < 00 or exp (^ /log ||/(7)||£;^ ^^(^7)^ without 

changing the norm on E[z], where Pzidj) is the harmonic measure on T associated to z. 

The goal of this paper is to investigate when the norm of the space £"[0] is invariant under 
a (measure preserving) rearrangement of the family {E^ : 7 G T}. A trivial example of such 
a rearrangement is a rotation on T. But, as we will see, there are non trivial instances of this 
phenomenon. In particular, we recall the following well-known result. 



Theorem 1.1. JCCRSWS^ Cor. 5.1 J If X^ = Zq for all 7 G Tq and X^ = Zi for all 7 G Ti, where 
Tq and Fi are disjoint measurable sets whose union is T, then X[0] = (Zo,Zi)g, where 9 = m(Ti) 
and {ZQ,Zi)g is the classical complex interpolation space for the pair {Zq,Zi). 

The key fact behind this theorem is the existence for any measurable partition Tq U Fi of the 
unit circle of an origin-preserving inner function taking Tq to an arc of length 27r?TT,(ro) and Fi to 
the complementary arc of length 27r?Ti(Fi). For details, see the appendix. More generally, complex 
interpolation at is stable under the rearrangements given by any inner function vanishing at 0. 

Proposition 1.2. Let tp : ID) ^ C be an origin-preserving inner function. Its boundary value is 
denoted again 6y 99 : T — )• T. Then for any interpolation family {E^ : 7 G T}, the canonical identity: 

{i?^:7GT}[0] = {i?^(^):7GT}[0] 

is isometric. 

Proof. The proof is routine, for details, see the last step in the proof of Theorem [LT] in the appendix. 

D 

Thus Theorem 11.11 shows in particular that in the 2-valued case, the complex interpolation is 
stable under rearrangement. We show that in the general case, this is usually not true, even for 
families consisting only of 3 distinct Hilbert spaces. 

Our method also yields a characterization of all the transformations on T that are invariant for 
complex interpolation at 0, they are precisely the origin-preserving inner functions. 

2 An approximation formula 

In this section, we first recall some results from jHL58t §5] and |HL61t §10, §11, §12] in the forms 
that will be convenient for us, and then deduce from them a useful formula. 

Let ly : T — )• M^v be a measurable positive semi-definite A^ x A^-matrix valued function such that 
tr(Ty) is integrable. Such a function should be considered as a matrix weight. Without mentioning, 
all matrix weights in this paper satisfy: There exist c, C > such that 

(1) cl < W{-/) < CI for a.e. 7 G T. 

For such a matrix weight, let L^ = L^(T, W; S"^) be the set of functions / : T — t- M^ for which 

ll/llil^ = /tr(/(7)*^(7)/(7))^"^(7) < 00. 

Clearly, L^ is a Hilbert space. 

We will consider the two subspaces Il'^{W) C L'fy and Hq(W) C L^ defined as follows: 

H\W) = {/ G Ll^\f{n) = 0,Vn < 0}, 

HiiW) = {/ G Ll,\f{n) = 0,Vn < 0}. 

Given the assumption ([1]) on W, the identity map Id : L2{T; S2) — >• L^^ is an isomorphism: 

(2) cV'll/llL^(T;5f) < ll/llLf, < ^'/'|I/IIl^(T;5-)- 

Thus the restrictions Id : H^{T;S^) -^ H^{W) and Id : H^{T;S^) -^ H^{W) are also isomor- 
phisms. 

As usual, any element / G -ff^(T; S^) will be identified with its holomorphic extension on ID. 

We recall the following theorein froin |HL58j. 



Theorem 2.1 (Helson-Lowdenslager) . Assume W a matrix weight as above. There exists F E 
if2(T;5f) such that 

• F(7)*F(7) = W{-f) for a.e. 7 G T. 

• F is a right outer function, that is, F ■ H'^{T; S2) is dense in H'^{T; 5*2 )• 

Let $ be the orthogonal projection of the constant function I to the subspace H'^{W)qHq{W) C L^, 
i.e., $ = Pm{w)eHl(w)iI)^ then 

(3) $(7)*TF(7)$(7) = |F(0)p for a.e. 7 G T. 
Moreover, $ and F and both invertible. 

If F and G are two (right) outer functions such that 

F(7)*F(7) = G(7)*G(7) = W{-i) for a.e. 7 G T, 

then there is a constant unitary matrix U G ^(A^) such that F{z) = UG{z) for all z G B. In 
particular, |F(0)p = |G(0)p is uniquely determined, as shown by the equation ([3]). Within all 
possible such outer functions, there is a unique one such that -F(O) is positive, we will denote it by 

Fw 

Let $ = Pu2(vy^{I), where the orthogonal projection P^2,-^) is defined on the space Ly^. 
Clearly, we have 

(4) $ = / _ ^. 

We have already known that set theoretically, Hq{W) = Hq(T; S2), and they are canonically 
isomorphic as Banach spaces, thus we have a Fourier series for ^ G Hq(W) = Hq(T; 5*2^): 

vl/ = ^$(n)7"; 

where the convergence is a priori in Hq(T; S2) and hence in Hq(W). 

By definition, ^ is characterized by the following: for any A G M^v and any n > 1, we have 

(^,7"A)^2^ = (I,7"^>Lf,,thatis 

/ tr(7""A*VF^)<im(7) = / ti{-f"'^A*W)dm{-f), for any A G Mm and any n > 1. 
Hence 

(5) I -i-'^W^dmi-i) = f -f-'^Wdmij), for n > 1. 



We denote by P+ the orthogonal projection of L^(T) onto the subspace Hq{T). The generalized 
projection Pj^®Ix on Lp(T; X) for 1 < p < 00 will still be denoted by P+ . Note that P+ is slightly 
different to the usual Riesz projection, the latter is defined as the orthogonal projection onto H'^iT). 
Similarly, we denote by P_ the orthogonal projection onto H^iT) and also its generalisation on 
Lp{T;X) when it is bounded. With this notation, the equation system ([5]) is equivalent to 

(6) P+{W^) = P+{W). 



Key observation: If VF is a perturbation of identity, that is, if there exists a measurable function 

A : T -^ Mn such that 

A(7)* = A(7) for a.e.7 G T and ||A||i^(Tr;Mjv) < 1 
and 

then the equation ([6]) has the form 

(7) * + P+(A^) = P+(A). 

The above equation can be solved using a Taylor series. 

To make the last sentence in the preceding observation rigorous, we introduce the following 
Toeplitz type operator: 

Ta : Hl{T- S^) ^ L\T- S^) ^ hI{T- 5f ); 

where La : H^iT] S2) -^ L^(T; 5^) is the restriction of the left multiplication by A on the subspace 
Hl{T;S^). More precisely 

(La/)(7) = A(7)/(7) for any / G ^^(T;^^^). 

Clearly, we have 

||TA||<||A||,.^(Tr;M^)<l. 

The term P+(A) in equation ([7]) should be treated as an element in H'^(^; S2), then the equation 
([7]) has the form 

(8) (/d + rA)W = p+(A). 

Since ||Ta|| < 1, the operator Id + T/\ is invertible. Thus equation ([5]) has a unique solution 
^ G H^(T; Sf) = H^{W) given by the formula: 

00 

(9) ^ = (/d + rA)-i(P+(A)) = j;(-irr^(p+(A)); 

n=0 

where r^(P+(A)) = P+(A), the convergence is understood in the space Hq(T; S2)- Combining 
equations ^, dH) et (HI), we deduce the following formula: 



|P,+A(0)P=[/-X;(-irT^(P+(A))]*(I + A); 

n=0 

CXD 

x[/-5](-irrx(P+(A))". 



n=0 

We summarize the above discussion in the following: 



Proposition 2.2. Let A : T — )• Mjv be a measurable bounded selfadjoint function such that 

oo 

|F,+,a(0)|2 = [/ - ^(-ire"+irX(P+(A))j *(/ + eA)x 



n=0 



n=0 

In particular, we have 

(10) |F/+,a(0)|2 = / + eA(0) -e^Yl 1^(^)1^ + °(^^)' «« ^ ^ 0^ 

n>l 

Proof. It suffices to prove tlie approximation identity (|lUp . We have 



\Fl+sAiO)\' 



(11) 

wliere 



/ - eP+iA) + e2rA(P+(A)) + 0{e^) (/ + eA) x 
/ - eP+(A) + e^TA{P+{A)) + 0(e3) 
/ + ei?i + e^i?2 + O(e^), as e ^ 0+; 



i?i = A-P+(A)-P+(A)*, 
i?2 = P+(A)*P+(A) - AP+(A) - P+(A)*A + rA(P+(A)) + rA(P+(A))*. 
For Ri, we note tliat since A is selfadjoint, P_(A) = P+(A)* and lience 

(12) A = P+(A) + P+(A)* + A(0). 

Tlius 

Ri = A(0). 

For i?2) we note that since the left hand side of equation ([IT]) is independent of 7 E T, the right 
hand side should also be independent of 7, hence R2 must be independent of 7, it follows that 

R2 = f R2i7)dm{j) 

= I (P+(A)*P+(A) - AP+(A) - P+(A)*A)cim(7) 
= -^A(n)*A(n) = -j;|A(n)|^ 



n>l 



n>l 



D 



Remark 2.3. The following alternative verification of the identity 

R2 = -Y.\A{n)f 

ra>l 

might be helpful for the reader. Note that 

-AP+(A) + rA(P+(A)) = -AP+(A) + P+(AP+(A)) = -P<o(AP+(A)), 



where P<o is the projection on the subspace of functions with spectrum supported on Z<q. Since 
P<o{P>o{A)P+{A)) = 0, we have 

P<o(AP+(A)) = P<o(P-(A)P+(A)) = P<o(p+(A)*P+(A)). 

Note also that 

P+(ArP+(A))^0) = j;|A(n)p, 



n>l 

then it is clear that 

-AP+(A) - P+(A)*A + rA(P+(A)) + Ta(P+(A))* 
= -P<o(p+(ArP+(A)) -P<o(p+(A)*P+(A)^ 

= -P_(p+(ArP+(A))-P_(p+(A)*P+(A))*-2j;|A(n)|2. 
Since P-|_(A)*P-f (A) is selfadjoint, we can use the identity 

p+(p+(Arp+(A)) =p_(p+(Arp+(A) 

to get 

P+(A)*P+(A) = P+(p_(A)*P+(A))* + P_(p+(A)*P+(A))+j;|A(n)|2. 

n>l 

Then it is easy to see that 

n>l 

3 Interpolation family in continuous case 

To any invertible matrix A € GLn{C) is associated a Hilbertian norm || • ||yi on C , which is defined 
as fohows: 

||x||a = ||^2;||^iv, for any x G C ; 

where £2 denotes the space C^ with the usual Euchdean norm. 
Let us denote 

n2 . (frN II II \ 

Clearly, we have the following elementary properties: 

• Let A,B ^ GLj\f{C), then they define the same norm on C^ if and only if \A\ = \B\. Thus, 
if U £ ^{N) is a N X N unitary matrix, then || • Wjjji = \\ ■ \\a- 

• We define a pairing (x, y) = J2n=i ^nVn for any x, y G C^, then under this pairing, we have 
the canonical isometries: 

where A~'^ is the inverse of the tranpose matrix A^ . 

• We have the following canonical isometries: 

^A = -^A ^^"^ ^A = -^(A*)-!- 



Consider an A^ x A^-niatrix weight W. To such a weight is associated an interpolation family 

{£^(^) : 7 G T}, where w{-f) = Vw{^. 
The following elementary proposition will be used frequently: 

Proposition 3.1. For interpolation family {Ej : 7 G T} with Ej = ^^c^-i, we have E[0] = f-'pfQ), 
that is, 

ll^ll£[o] = 11^(0)2^11^^1 /'^'^ all X ^ C ; 
where F{z) is any right outer function associated to the weight W. 
Proof. By the definition of right outer function associated to the weight W, 
(13) F(7)*F(7) = W{-/) for a.e.7 G T. 

For any x G C , define an analytic function /^^ : B — t- C by 

f^{z) = F{z)-^F{0)x, 
then fx{0) = X and for a.e. 7 G T, 

\\Ul)\\l(,) = {W{^)F{jr'F{0)x,F{^)-'F{0)x) 

= (F(7)*F(7)F(7)-^F(0)x, F{j)-'F{0)x) 



\\F{0)x\\l 



This shows that ||/x||_h'°o(T;{_e; }) ^ ll-^(0)^ll£^) whence 

|k||£;[o] < ||F(0)x||^^ = Ikll^^^j- 
The converse inequality will be given by duality, it suffices to show that 

||x||£;rol. < ||x||^2 = ||x||o2 )*. 

II iixz/iuj II in;^^^j_j, II "{i^p^o^) 

Consider the dual interpolation family {E* : 7 G T} = {£^. .j, : 7 G T}, which is naturally 

given by the weight ^^(7)"^ = (u;(7)-'^)*u;(7)~'^. By |CCRSW82[ Th. 2.12], we have a canonical 
isometry 

{E;:7GT}[0] =E[0]*. 

The identity (fT3|) implies 

(F(7)-^)*F(7)-^ = W{-f)-^ for a.e.7 G T. 

Thus F{z) is the right outer function associated to the weight W{'^) . Then the same argument 
as above yields that 



kibfoi* < \\x\\p = ||x||o2 Y 



u 



Remark 3.2. More generally, assume that X is a (finite dimensional) normed space such that 
Afjv C End{X) and \\u ■ x\\x = \\x\\x for any u G '^{N). For instance X = Sp {1 < p < 00) 
and M]\! acts on S^ by the usual left multiplications of matrices. Consider the interpolation family 

E-y = {X,\\ ■ \\x;A(^)) with \\x\\x-A(-f) = WMl) ' ^Wx for any 7 G T, then E[0] = {X,\\ ■ ||b(o)) 
with \\x\\b(o) = 11^(0) -a^llx, where B{z) is any right outer function associated to the matrix weight 

A(7)M(7). 
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The following result is probably known to the experts of prediction theory, since we do not find 
it in the literature, we include its proof. 

Proposition 3.3. The function {W{'-f) : 7 G T} i— )■ Fy[/(0) or equivalently {^^(7) : 7 G T} 1— ;■ 
|-F(0)p is not stable under rearrangement. More precisely, there exists a family {W{'y) : 7 G T} 
and a measure preserving mapping S : T — )• T, such that 

Fw{0) / FwosiO)- 

Before we proceed to the proof of the proposition, let us mention that if the weight W{'y) takes 
only 2 distinct values, i.e., if 1^(7) = ^o for 7 G Tq and W{'y) = A\ for 7 G Fi with T = Fq U Fi a 
measurable partition, then a detailed computation shows that we have 

In particular, Fty(O) = -Fh/om(0) for any measure preserving mapping M : T — )■ T. Of course, this 
can be viewed as a special case of Theorem ll.il The fact that we can calculate -Fvi/(0) efficiently 
in the above situation is due to the fundamental fact that two quadratic forms can always be 
simultaneously diagonalized. 



Proof. Fix r > 0, define two M2-valued bounded analytic functions -Fi, -F2 '■ 

F1{Z) : 



M2 by 



(l + r2)-V4 



Mz) 



(l + r2)-V4 

r(l + r2)-i/4^ (l+r2)i/4 

Note that they are both outer since z — )• ^1(2;)"^ and z — )• F2{z)^^ are bounded on B. By a direct 
computation, 

Fi{e''^)*Fi{e'^) = Wi{e''^) = 



(l+r2)i/2 re'^ 



F2{e'yF2ie'') = W2{e 



re 

(l+r2)i/2 



re 



re 
:i + r2)i/2 



If we define 5" : T — ;■ T by £'(7) = 7, then S is measure preserving and W2 = Wi o S. By 
noting that -Fi(O) and ^2(0) are positive, we have Fi = Fw^ and F2 = Fw2 = Fy/^oS- However, 
Fw,os{Q) = i^2(0) / Fi(0) = FwM- a 



I^W(e*^) 



We denote 

(1-^^2^1/2 ^gje 

re-^e (i + ^2)i/2 

and let ^'''^(7) = \/W^'^\'^). The notation S* : T — t- T will be reserved for the complex conjugation 
mapping. 

An immediate consequence of Propositions 13.11 and 13.31 is the following: 



Corollary 3.4. The interpolation family {E^ = £? 

(>2 
w('-)(7) 

\\Id : E'-''^ [0] ^ F^"^) [0] II = (1 + r2)i/2. 



'f (^)oSlf 1 ■ ^ ^ '^-^ ^"^ ^ rearrangement of the 
family {E^ = C-^ (r)/ \ '■ 1 ^ IT}- The identity mapping Id : E^'^'[^] — t- £'*^'')[0] has norm 



Proof. Indeed, we have: 



sup ■ 



|Fj^m(0)Fi^m„5(0)-^||m2 = (1 + r^ 

D 



Remark 3.5. By Corollary \3.4\ and a suitable discretization argument, we can show that if Jk = 
I gie . I — _J2L < ^ ^ ^ I ^(j,- 1 < /;; < 8, anrf /ei ^^ G >^fc ^e i/ie center point on J^, then the 

interpolation families Bj = C"^ j^^, ifjGJk and b!^° = f' ^^q)!- \ '^fl ^ Jk for ro = v 2 + 2-v/2 
give different interpolation space at 0, i.e., 

We omit its proof, because in the next section, we give a better result by using the formula obtained 
in^ 

4 Interpolation for three Hilbert spaces 

In this section, we will show that complex interpolation is not stable even for a familiy taking 
only 3 distinct Hilbertian spaces. The starting point of this section is Proposition [2l Our proof 
is somewhat abstract, but it explains why the 3- valued case becomes different from the 2- valued 
case, the idea used in the proof will be applied further to get a characterization of measurable 
transformations on T that perserve complex interpolation at 0. 

Theorem 4.1. There are two different measurable partitions of the unit circle: 

T = 5i U 52 U 53 = S; U ^2 U 53, m{Sk) = m(5fc), for k = 1,2, 3, 

and three constant selfadjoint matrices A^ G M2 for k = 1,2,3, such that if we let 
A = A1I5, + A2IS2 + A3IS3 and A' = Ail^/ + A2l5^ + A3I5, , 

then 



n>l n>l 

Before turning to the proof of the above theorem, we state our main result. 



Corollary 4.2. Let A, A' be as in Theorem \4.1\ For < e < -j^ — , we define two matrix weights 
which are perturbation of identity: 

We = I + eA, W^ = I + eA'. 

Denote Ws and w'^ the square root of We and W^ respectively. Then there exists Eq < 1 such that 
whenever < s < Eq, we have 



Thus, whenever < e < eq, the following two interpolation families 



{Cm : 7 G T}, {^2 ^ ^ ^ TT} 



have the same distribution and take only 3 distinct values. However, the interpolation spaces at 
given by these two families are different: 






Proof. This is an immediate corollary of Proposition 12.21 and Theorem 14. 1[ The last assertion 
follows from Proposition 13.11 D 

Remark 4.3. We verify that in the two main cases where the interpolation is stable under rear- 
rangement, the function A i— ?• X]n>i l^(^)P ^■^ stable under rearrangement. Note first that we have 
the following matrix identity: 

^|A(n)|2= f\P+iA)\'dm. 

n>l •' 

• 2-valued case: If A is a 2-valued self adjoint function, i.e, there is a measurable subset AdT 
and two selfadjoint matrices Ai, A2 G M]\f, such that A = Ail^ + A2IA': then 



^|A(n)|2 = /"|P+(A)|2dm= /'|p+((Ai-A2)U + A 

n>l -^ -^ 



dm 



= \A,-A2\' J \P+ilA)rdm 
m{A) - m{A)\ ^ 2 

= 2 1^1-^21 , 

which depends on the measure of A but not the other structure of A. 

More generally, we note in passing that for any real valued f in L2{T) the expression 2\\P-^-{f)\\2 

2Sn>i l/(^)P coincides with the variance of f . 

• Rearrangement under inner functions: Let ip : T ^ T be the boundary value of an origin- 
preserving inner function. Assume A : T — t- Mjv selfadjoint. Note that P+(Ao(^) = P_^_(A)oip 
and that 99 preserves the measure m. Hence 



dm 



^|(A^)(n)|2 = /■|P+(Ao^)|2dm= /|P+(A)o^p 

n>l 

= y"|P+(A)|2dm = j;|A(n)|2. 



n>l 



Proof of Theorem \4-l\ Assume by contradiction that for any pair of 3- valued selfadjoint functions 
A and A' as in the statement of Theorem 14. H we have 



(14) 



^|A(n)|2 = ^|A'(n)|^ 



n>l 



n>l 



We make the following reduction. 

Step 1: The above assumption implies that for any pair of 3-valued matrix functions A, A' G 
Loo (T; Mat) with having the same distribution A = A', the equation ([H]) holds as well. Indeed, 
given such a pair, we can consider the pair of selfadjoint functions which are still 3-valued: 



A(7)* 
A(7) 



and 7 



A'(7)* 
A'(7) 
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Then the square of the n-th Fourier coefficient becomes 

and 



|A(n)|2 

|A*(n)p 



A'(n)|2 

|A^(n)|2 



respectively. The block (1, l)-term of then gives the desired equation. 

Step 2: If we take A^ = 1 in the above step, then the conclusion is that for any pair of 3- valued scalar 
functions /, /' G LooCT) such that / = /', we have X]„>i |/(n)P = X^„>i |/'(ra)P, or equivalently, 

\\P+{f)\\l = \\P+{f')\\l 

Consequence I: Under the above assumption, if {Ai,A2) is a pair of two disjoint measurable 
subsets of T, and {A[,A2) is another such pair such that m{Ai) = m{A[) and m(^2) = "^(^2)) 
then 

(15) {P+{1a,),P+{1a,))lHt) = (^+(1a;),^+(1a^))l^(T) 

Indeed, if we define yls := T \ {Ai U A2) and A3 := T \ {A[ U A2). For any a e C, a / 0, 1, consider 
fa = aUi + IA2 + X U3, /; = alA[ + 1^^ + X 1^^, 

then fa and fa are two functions taking exactly 3 values 0, 1, a and fa = fa- Hence by the 
assumption, we have 

(16) ||a^+(lAi) + P+{lA,)\\l = \\»P+{UO + ^+(lA^)lli, for any a G C. 
Note that for any measurable set A, since 1a is real, 

(17) l|P.(1.4)ll^^ '"'^>-'"'^'' 
Taking this in consideration, the equation (J16p implies that 

3fi(a(P+(lAj,P+(lA.))) =K(a(P+(U.),P+(l^.))), for any a gC, 
hence the equation (jlSp holds. 



Step 3: We can deduce from our assumption the following consequence. 

Consequence II: For any pair of scalar functions /, /' G Loo(T) (without the assumption that 

they are both 3-valued), such that / = /' , we have ||i-+(/)||2 = ||-f+(/')ll2- 
Indeed, if 

n n 

f = /_^fk'^Ak, f' =/ .fk^Aj^ 
k=l k=l 

where {Af^)'^^^ are disjoint subsets of T, so is (A'^))!^]^, moreover m(A/j) = m{A'f,). By (fT5]) and 
(fT7|) . we have 

n 

\\P+{f)\\l = 5]|AM|P+(Uji+ Y. fkfl{P+{lA.),P+{lA,)) 
k=l l<kf^l<n 

n 

= 5;|/a:M|p+(1a'JII2+ E A/z(p+(1a;),p+(1a^)) 

fc=l l<k^l<n 

= \\P+{f)\\l 
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Then by an approximation argument, more precisely, by using the fact that two functions /, /' E 

L^(T) such that / = / can be approximated in L^(T) by two sequences of simple functions {§„) 

and (5^) such that Qn = g'ni ^^ can extend the above equality for pairs of equidistributed simple 
functions to the general equidistributed pairs of functions, as stated in Consequence II. 

Step 4: Now if we take /, /' G Loo(Tr) to be 7(7) = 7 and /'(7) = 7, then / = /', but we have 
||P+(/)||2 = 1 / = ||P+(/')||2, which contradicts Consequence II. This completes the proof. 



D 



Define 

Tk:=[e''\ ^ ^ ' <g<— I for A; = 1,2, 3. 

We claim that in Theorem 14.11 and hence in Corollary 14.21 we can take for example 

Si = Si = Ti, 5*2 = S'3 = T2 , S's = ^2 = Ta . 
Indeed, by the proof of Theorem 14. H here we only need to show that 

(P+(1tJ,P+(1t,)) / (P+(1tJ,P+(1t3)). 
Since 1ti(7) = lT3(e~*~7) and 1t2(7) = lTi(e~*'3'7), we have 

(P+(1tJ,P+(1t3)) = (P+(1t,),P+(1tJ). 
Thus we only need to show that 

(18) 9((P+(lTj,P+(lr,)>)/0. 

Note that 

■ 2■Kf^ 27r\ f 0, if n = mod 3: 

sm4^(l — cos =T-) ' ' ' 



Hence 



^lTAn)lTAn)] = ^^^^2^^2 —""S 1' '^^ri = l mod 3; 

if n = 2 mod 3. 



3sin4f(l-cos4f) ^ 2/c + l 



/, , , , ,,\ dsm^5-l i — cos ^5-) v^ 
^((P+(1tJ,P+(1t.))) = 'A^, ^^ 



^^j3A: + l)2(3fe + 2)2' 

which is non-zero, as we expected. 

The same idea as in the proof of Theorem 14.11 yields the following somewhat interesting result. 
Combining with Proposition 11.21 ^^ have characterized all measurable transformations on T that 
preserve complex interpolation at 0. At this stage, the proof is quite direct. 

Theorem 4.4. Let : T — )• T 6e o measurable transformation. If for any interpolation family 
{E.y;j £ T}, we have 

then Q is an origin-preserving inner function. 
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Proof. It suffices to show that G H^{T), since by definition ©(7) has modulus 1 for a.e.7 G T. 
By Propositions 12.21 13.11 and similar arguments in the proof of Theorem 14. H we have 

(19) ||P+(/ o e)||2 = ||P+(/)||2, for any scalar function / G L^{T). 



Now take f{j) = 7, we have ||P+(e)||2 = ||P+(7)||2 = 0, which implies that G G iJ°°(T) and 
hence 6 G H°°{T). Then we can write G = G(0) + P+(G). In ([19]), if we take 7(7) = 7, then 
||P+(G)||2 = ||P+(7)I|2 = 1. Note that 

l = ||Gi = |G(0)p + ||P+(G)||l, 

whence G(0) = 0. This completes the proof. D 

5 Some related comments 

Recall that an A^-dimensional (complex) Banach space ^ is called a (complex) Banach lattice with 
respect to a fixed basis (ei, • • • , cat) of .if if it satisfies the lattice axiom: For any x^, y^ G C such 
that \xk\ < \yk\ for all 1 < k < N, 

N N 



k=l k=l 



Thus in particular, 



N N 

II '^XkCkW^ = liy^lxfclefcll^. 
fc=l fc=l 

The above fixed basis (ei, • • • , cn) will be called a lattice-basis of ^. Such a Banach lattice ^ 
will be viewed as function spaces over the A^-point set [N] = {1, • • • ,N} in such a way that e^ 
corresponds to the Dirac function at the point k. Thus for x,y €z .if, we can write |x| < |y| if 
\xk\ < \yk\ for all 1 < A; < A'', and log \x\ = X]fc=i fos l^^fcl^fc, suppose that x^ 7^ for all 1 < A; < A^. 
We will call {^j = (C , || • ||^) : 7 G T} a family of compatible Banach lattices, if there is an 
algebraic basis (ei, • • • ,eAr) of C^ which is simultaneously a lattice-basis of .if^ for a.e. 7 G T and 
such that 

(20) < ess inf ||efc||-y < ess sup ||efc||^ < 00 for all 1 < /c < N. 

In the sequel, the notation {.if^ = (C^, || • ||^) : 7 G T} is reserved for a family of compatible 
Banach lattices with respect to the canonical basis of C . 

Complex interpolation at for families of compatible Banach lattices is stable under any rear- 
rangement. The proof of the following proposition is standard. 

Proposition 5.1. // {.if^ = (C^, || • ||^) : 7 G T} be an interpolation family of compatible Banach 
lattices, then 

(21) log ||x||^[o] = inf / log 11/(7) IIt, dm{-f), 

where the infimum runs over the set of all measurable coordinate bounded functions / : T — t- C^, 
i.e., fk-T^Cis bounded for all 1 < k < N such that ( by convention logO := —00 ) 



log|x| < / log 1/(7)1 (im(7). 
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In particular, if M : T ^ T is measure preserving and let {^^ = ^Af(^) : 7 € T}, then 

Id : ^[0] -^ ^[0] 
is isometric. 

Proof. It suffices to show (pT|) . Assume that x G C^ and ||x||^[o] < A. Without loss of generaUty, 
we can assume x^ ^ for all 1 < k < N. By the definition of .if [0] there exists an analytic function 
/ = (/i, . . . J^) : B ^ C^ such that 

/(O) = X and ess sup ||/(7)||7 < A. 

7eT 

By (pOj) . this implies in particular that / is coordinate bounded. Since z i-^ log \fk{z)\ is subhar- 
monic, we have 

logjxfcl = log|/fc(0)| < /log|/fc(7)|dm(7), for 1 < A; < iV. 



Hence log|x| < /log |/(7)|rim(7). Obviously, /log 11/(7)117^711,(7) < log A, whence 

inf / log 11/(7)117 (im(7) < log ||x||^[o]. 



Conversely, assume that x G C and Xfc 7^ for all 1 < A; < A^ and let / : P — t- C be 
any coordinate bounded analytic function such that log|x| < /log |/(7)|(i?n,(7). Then by (f20]l . 
ess sup 11/(7)117 < 00 and there exists y G C^ such that 

7GT 

(22) |x| < \y\ and log|y| = / log\f{'y)\dm{'y). 

Define u^j) := log|/(7)|. By assumption, Xk ^ and fk is bounded, hence log|/fc| G ii(T), so 
we can define the Hilbert transform of n^. Let u{'y) be the Hilbert transform of ^(7) and define 
gi^j) = e"^'''-''*"*"*-'^' . Then (7^(7) = e"*= ('>'-'+*"*=('>') is the boundary value of an outer function, hence 

log|gfc(0)| = / log\gk{^)\dm{t) = / 1*^(7)^771(7) = log|yfc|. 

Thus \y\ = \g{0)\. By |CCRSW82l Prop. 2.4], we have 

l|y|li?[o] = ll5(0)||i?[o] <exp( / log 115(7)117^771(7)^ 

= exp ( y log 11/(7) ||7C^rn(t)' 

It is easy to see that ^[0] is a Banach lattice and by (j22]) . 

lkll^[o] < l|y||i?[o]- 

Thus 

log||x||^[o] < log||y||if[o] < / log 11/(7)117^771(7). 



This proves the converse inequality. D 
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Remark 5.2. The preceding result should be compared with \CCRSW8^ Cor. 5.2], where it is 
shown that 

where 1/pz = f{l/p.y)Pz{d'y). 

If the Banach lattices ^-y considered above are all symmetric, i.e., for any perinutation a S Stv 

and any x^ £ C, 

N N 

II Y^ II II Y^ II 

W 2_^Xke„(^k)\\jCj = II / .XkCkW^f^, 

k=l k=l 

then to each Jf^ is associated a Schatten type space S^^ = (Mjy, \\ ■ \\s^ )■ 
The following proposition is classical (c.f. |Pie71j ). we omit its proof. 

Proposition 5.3. Let {J:f-y = (C , || • H-y) : j £ T} be an interpolation family of compatible 
symmetric Banach lattices and consider the associated interpolation family: 

{Sj^^ = iMN,\\-\\s^_^):jGT}. 

Then for any z G B, we have the following isometric identification 

Id: Sj^[z] ^{S^^}[z]. 

Combining Propositions 15.11 and 15.31 we have the following: 

Corollary 5.4. Consider the interpolation family {S^ : 7 G T}. Let M : T — )■ T 6e measure 
preserving and let {S^^ = S^^ : 7 G T}, then 

id:{Sj^^m^{Sj^^m 

is isometric. 

The following proposition is related to our problem, see the discussion after it. 

Proposition 5.5. Let {E-y : 7 G T} be an interpolation family of N -dimensional spaces such that 
there exist c, C > 0, for any x G C^, 

c • min \xk\ < ||3;||7 < C ■ max |xfc| for a.e. 7 G T. 

k k 

Assume that Ld : E^ — )• E^ is isometric for a.e. 7 G T. Then 

E[C]=£^, for any ( e (-1,1). 

Proof. Fix ^ G (—1,1). For any x G C^. Given any analytic function /:][])—)■ C^ such that 
/(C) = X and ||/||/foo({£; }) < 00. Since ( = (, we have /(C) = /(C) = x. The assumption on the 
interpolation family implies taht the function z 1— t- {f{z),f{z)) is bounded analytic, hence 



log||x||,^^^ = logK/(C),/(C))l<y logK/(7),/(7))l^c(rf7) 
< /log(||/(7)|bJ|/(7)|lE;)n(d7) 
log(||/(7)kJI/(7)k,)n(d7) 



< log(ll/||i^({iJ^}) |. 
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Hence llxl 



< 



Ih°°({£; })• It follows that 
By duality, this inequality also holds in the dual case, hence we must have IJa^H^iv = ||x||£;[^]. 



D 



Let Qj be the open arc of T in the j'-th quadrant, i.e. 



l)7r ^ k■K^ „ 

-^ <e < — } for 1 < j < 4. 



Suppose that X and Y are A^-dimensional, define two interpolation families {Z^ : 7 G T} and 
{Z^ : 7 G T} by letting 



Z. 



( X, 7GQ1 

Y% 7GQ3 
[ X*, 7 G Q4 



Z^ 



( X, 7GQ1 
Y^ 7eQ2 

I Y*, 7eQ4 



By Proposition 15.51 Z[0] = £2 ■ For suitable choices of X and y, we could have Z[Oi\ / £2 ■ More 
precisely, we have the following proposition. 



Proposition 5.6. For any a G T, define a 2 x 2 selfadjoint matrix 

5n :- 



a 
a 



For Q < e < I, let w"'^ = (I + eSa)^/"^ and X = il^a.e. Consider the weight W°''^ and the 
interpolation family generated by it as follows: 



W'^j) 



I + e6_a, 7 G Qi 

I + £5a, 7^(54 



Z, 



■a.e 



( X, 7GQ1 

X*, 7GQ2 

x^, TeQs 

[ X, 7GQ4 



There exists a G T and < eo < 1; such that if < e < Eq then 

Z^^[0] ^£^. 
Proof. We have 



W°'^(7) 



_I + £6a, 7 e Ql 

I-e6a + e^I + 0(,e^), 7 e Q2 
/-e,5« + e2/ + o(e3), 7 g Q3 ' 

I + e6a, 7 G Q4 

Applying a slightly modified variant of the approximation equation (llOh , we have 



iFw-^m'' 



1+ 



e^I 



\\P+{K)\\l 




0_ 

ll^+(MII 



+ 0{e" 



where /iq, = alq^ - alq^ - alq^ + ale 
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Assume by contradiction that Z"''^[0] = £2 ^^^ ^^Y ct G T and small e. Then we must have 
||P+(/iq-)||2 = 2 for ^iiy ct £ T. In particular, 

a I— )• ||P+(/iq,)||2 is a constant function on T. 

It follows that the following function is a constant function: 

C{a) = K(«P+(lQj,-aP+(lQ,)) + K(aP+(lQj,aP+(lQj) 

+ 5R(-aP+(lQ,), -aP+ilQ,)) + R{-aP+ilQ,),aP+ilQ,)). 

Clearly, by translation invariance of Haar measure, we have 

(P+(1qJ,P+(1q,)) = (P+(1q,),P+(1q3)) = (P+(1q3),P+(1qJ), 

(P+(1qJ,P+(1qJ = (P+(1q,),P+(1qJ), 

hence 

C{a) = -3f?{2a2((P+(lQj,P+(lQ,)) - (P+(1qJ,P+(1q,))) }. 

Then a 1— t- C(a) is constant function if and only if 



(P+(1qJ,P+(1qJ) - (P+(1qJ,P+(1q,)) = 0, 
which is equivalent to 

(23) 9((P+(1qJ,P+(1q,)))=0. 

By a similar computation as in the proof of inequality (jlSp , we have 

A ^ 2k + 1 

this contradicts ([23]) . and hence completes the proof. D 



/ \ 4 °° 2k + 1 



6 Appendix 

Here we reformulate the argument of [CCRSW82J to emphasize the crucial role played by a certain 
inner function associated to the measurable partition of the unit circle in proving Theorem 11.11 
It follows from the preceding that the analogous inner function for a measurable partition into 3 
subsets does not exist. 

Lemma 6.1. Suppose that Fq U Ti is a measurable partition of T. Then there exists an inner 
function ip such that (p{0) = 0. And f{To) U ^(Ti) is a partition o/T into two disjoint arcs (up to 
negligible sets). Moreover, 

(24) m{ip{To)) = m{To) and m{ip{Ti)) = m{Ti). 

Proof. Since any origin-preserving inner function ip preserves the measure tti on T (indeed note 
jj.ip{'y)''^dm{'y) = J^7"(im(7) Vn G Z), it suffices to show the existence of an inner function satis- 
fying the partition condition. 
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Let V = Iri : T — )• M be the characteristic function of Fi, its harmonic extension on D will also 
be denoted by v. Note that < v{z) < 1 for any z E B. Let v be the harmonic conjugate of v and 
define ip = v + iv onU). Then ip is an analytic map from D to S := {z S C : < ?R-{z) < 1} and has 
non-tangential limit '4>{'y) = ^(7) +iv{'y), a.e. 7 G T. Thus 

iP{To) C do and i^{Ti) C ^i, 

where do = {z € C : ^{z) = 0} and di = {z e C : ^{z) = 1}. Let r : S ^ B be a Riemann 
conformal mapping such that T{ip{0)) = 0. Note that t(9o) and r(9i) are disjoint open arcs of T. 
Define 99 = ro'0:B— J-B. Then 93 is an inner function such that <^(0) = 0. We have 

ifiVo) C T{do) and ifiVi) C r(5i). 

Hence m{(p{To)) < m(r(5o)) and m((/3(ri)) < r?T,(r(9i)). Since f preserves the measure m, we have 

1 = m{To) + m{Ti) = m{ip{To)) + m{ip{Ti)) < m{T{do)) + m{T{di)) = 1. 

Thus up to negligible sets, we have 

(^(To) = T{do) and ifiVi) = T{di). 

D 

Remark 6.2. Implicitly, we have used the fact that z/ (/? : T — t- T is measure preserving, then the 
image (/^(A) of any measurable set A is measurable. It is an easy consequence of the characterization 
of measurability (coincidence of interior and exterior measures) and Egorov 's theorem. 

Proof of Theorem \l.l\ Suppose Fq U Fi is a measurable partition of the circle and let the interpo- 
lation family {X^ : 7 E T} be such that 

X^ = Zq for all 7 G Fq, X-y = Z\ for all 7 G Fi. 

By Lemma |6. 11 we can find an inner function Lp such that 97(0) = and 95(Fo) = Jo, <^(Fi) = J\ 
up to negligible sets, where Jq U Ji is a partition of the circle into disjoint arcs. Consider the 
interpolation family of spaces {X^ : 7 G T} such that 

X^ = Zo for all 7 G Jo, X^ = Z\ for all 7 G Ji. 

Then by a conformal mapping, it is easy to see 

(25) X[0] = (Zo, Zi)e, e = m{Ji) = m(Fi). 

We have ^(^(7) = ^7 for a.e. 7 G T. If x G C^ is such that ||a^|| jf rQi < 1) then by definition, there 



exists an analytic function / : T — )• C^ such that /(O) = x and ess sup ||/(7)||j7 < 1. Thus 



tGT 

ess sup ||(/ov9)(7)||x, = ess sup ||(/ o c^)(7)||^ = ess sup ||/(7)||jf < 1- 

7eT 7GT '^(^' 7eT '' 

Since (/ o ip){Q) = /(O) = x, the above inequality shows that ||x||x[o] < 1- By homogeneity, 
||3;||x[oi ^ 11-^11 j?[nr -^^^ ^^ ^^ consider the dual of the above interpolation family, then we get the 
same inequality, hence we must have 

(26) lklU[o] = lkllx[o]- 

By dMD and (125]), we have 

X[0] = {Zo,Zi)e, = m(Fi). 

D 
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Remark 6.3 (Communicated by Gilles Pisier). The preceding argument also shows that, as conjec- 
tured in IPislO^ . of which we use the terminology, any 9-Hilhertian Banach space is automatically 
arcwise 9-Hilhertian, at least under suitable assumptions on the dual spaces, that are automatic 
in the finite dimensional case. We merely indicate the argument in the latter case. Consider a 
measurable partition Fg U Fi of the unit circle with m{Ti) = 9 and a family of n-dimensional 
spaces {E^ \ 7 G dD} such that E^ = ^2 for any 7 G Fi but E-y is arbitrary for 7 G Fq. If ip 
is the inner function appearing in Lemma \6.1[ and if we set F^ = E^r^\ then the identity map 
Id : E[0] — )■ F[0] is clearly contractive and F[0] is arcwise 9-IIilbertian. Applying this to the dual 
family {El} in place of {E^} and using the duality theorem from \CCRSW7S\ Th. 2.12 ]) we find 
that Id : £'[0]* —J- F[0]* is also contractive, and hence is isometric. This shows that E\fd\ is arcwise 
9-Hilbertian. 

Acknowledgements 

The author would hke to thank Gilles Pisier for stimulating discussions and valuable suggestions. 

References 

[CCRSW79] R. Coifman, M. Cwikel, R. Rochberg, Y. Sagher, and G. Weiss, Complex interpolation 
for families of Banach spaces, Harmonic analysis in Euclidean spaces (Proc. Sympos. 
Pure Math., Williams Coll., Williamstown, Mass., 1978), Part 2, Proc. Sympos. Pure 
Math., XXXV, Part, Amer. Math. Soc, Providence, R.L, 1979, pp. 269-282. MR 545314 
(81a:46082) 

[CCRSW82] R. R. Coifman, M. Cwikel, R. Rochberg, Y. Sagher, and G. Weiss, A theory of complex 
interpolation for families of Banach spaces, Adv. in Math. 43 (1982), no. 3, 203-229. 
MR 648799 (83j:46084) 

[HL58] Henry Helson and David Lowdenslager, Prediction theory and Fourier series in several 
variables, Acta Math. 99 (1958), 165-202. MR 0097688 (20 #4155) 

[HL61] , Prediction theory and Fourier series in several variables. II, Acta Math. 106 

(1961), 175-213. MR 0176287 (31 #562) 

[Pie71] Albrecht Pietsch, Interpolationsfunktoren, Folgenideale und Operatorenideale, 
Czechoslovak Math. J. 21(96) (1971), 644-652. MR 0293410 (45 #2487) 

[PislO] Gilles Pisier, Complex interpolation between Hilbert, Banach and operator spaces, Mem. 
Amer. Math. Soc. 208 (2010), no. 978, vi+78. MR 2732331 (2011k:46024) 



19 



